Abstract. We prove that there are at most eight lines tangent to four unit spheres in R 3 if the centres of the spheres are coplanar, but not collinear. This bound is sharp.
Theorem 1. If the centres of four unit spheres in R
3 are coplanar but not collinear, then there are at most eight lines tangent to all four spheres, and this bound is sharp.
Proof. We use the idea from [1] that lines tangent to the four spheres correspond to circular cylinders of radius 1 passing through the four centres. The cylinder intersects the plane of the four centres either in an ellipse with semi-minor axis of length 1, or in two parallel lines at distance at most 2 from each other, passing through the centres of the four spheres. Each such ellipse or pair of parallel lines corresponds to at most two cylinders, therefore it gives rise to at most two lines tangent to the four spheres.
We prove that given four non-collinear points in R 2 , there are at most four ellipses with semi-minor axis of length 1 or pairs of parallel lines passing through them.
We consider a possibly degenerate conic K ⊂ R 2 given by the equation
We assume that a, b and h are not all 0. First, we rotate the axes through an angle ϕ to eliminate the xy term. This corresponds to a change of co-ordinates given by the equations x = x cos ϕ + y sin ϕ, 
It is important to note that although ϕ is not unique, it is only determined up to a multiple of π in general, and is completely arbitrary if K is a circle, the final form of the equation is unique.
As described in [2] , the quantities I 1 = a + b, I 2 = ab − h 2 and 2 and expanding, we obtain
This equation is also satisfied if K is the union of two parallel lines or a double line, since this is equivalent to I 2 = I 3 = 0.
Our condition is equivalent to the condition in [2] , which says that if K is an ellipse, then it has semi-minor axis of length 1 if and only if λ = 1 is the larger root of the quadratic equation I (1) is a homogeneous polynomial of degree 6 in a, b, d, f , g, h, since I k is a homogeneous polynomial of degree k for k = 1, 2 and 3.
We now consider the centres of the four spheres in the plane. If they are all collinear, then, of course, there are infinitely many lines tangent to all four spheres. In all other cases there are at most two pairs of parallel lines passing through all four centres.
Any four points on an ellipse form a convex quadrilateral, so if the four centres do not form a convex quadrilateral, then there is no ellipse through them and there are at most four lines tangent to all the four spheres.
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From now on we assume that the four centres form a convex quadrilateral. We can then choose co-ordinates such that the intersection of the diagonals is the origin, and the four centres have co-ordinates c 1 = (u 1 , 0), c 2 = (αu 2 , u 2 ), c 3 = (−u 3 , 0) and c 4 = (−αu 4 , −u 4 ) with u i > 0 for 1 ≤ i ≤ 4. Let
be the product of the equations of the lines c 1 c 2 and c 3 c 4 , and let
be the product of the equations of the lines c 2 c 3 and c 1 c 4 . Our choice of scaling ensures that Q 0 (0, 0) = Q 1 (0, 0) = −u 1 u 2 u 3 u 4 < 0, which we use later.
for t ∈ R ∪ {∞}. Let K t ⊂ R 2 be the conic defined by Q t (x, y) = 0. Then the real pencil of conics passing through c 1 , c 2 , c 3 and c 4 is exactly {K t | t ∈ R ∪ {∞}}. As 
(t), B(t), D(t), I 1 (t), I 2 (t) and I 3 (t) be the values of A, B, D, I 1 , I 2 and I 3 calculated from a(t), b(t), d(t), f (t), g(t) and h(t). (If K t is a parabola, then D(t) is not defined, but the others always are.)
The coefficients of Q t are polynomials of degree at most 1 in t, therefore the left-hand side of (1) is a polynomial of degree at most 6 in t, so it has at most six solutions in t. K ∞ is a union of two lines, not an ellipse, so lines tangent to the four spheres occur at finite values of t. This means that there are at most six values of t ∈ R ∪ {∞} such that K t is an ellipse with semi-minor axis of length 1, and hence there are at most twelve lines tangent to all four spheres.
The quadratic equation I 2 (t) = 0 has two roots,
It is easy to check that 0 ≤ t 1 < t 2 ≤ 1.
We can write
. η is negative, because it is the discriminant of the homogeneous degree 2 component of Q ∞ (x, y), and K ∞ is the union of two intersecting lines.
Therefore I 2 (t) = A(t)B(t) > 0 if and only if t 1 < t < t 2 , so K t is an ellipse if and only if t 1 < t < t 2 .
By direct calculation,
which is clearly positive. Therefore A(t) > 0 for t ∈ (t 1 , t 2 ). (This is the point where the fact that Q 0 (0, 0) = Q 1 (0, 0) < 0 is used.) The graphs of A(t) and B(t) are two branches of a hyperbola, possibly each degenerating into the union of two rays, if the hyperbola degenerates into the union of two intersecting lines. As A(t) ≤ B(t) for all t, the fact that A(t) > 0 for t ∈ (t 1 , t 2 ) implies that B(t) > 0 for all t and A(t) > 0 if and only if t 1 < t < t 2 . A(t 1 ) = A(t 2 ) = 0 and A(t) < 0 if t < t 1 or t > t 2 .
As K t always has real points, we must have D(t) < 0 for t 1 < t < t 2 . Therefore the ellipses we are looking for correspond to solutions of B(t) + D(t) = 0 with t 1 < t < t 2 .
We also have I 3 (t) = γ t (t − 1), where γ is independent of t. This can be verified by direct calculation. Another way to see it is that I 3 (t) = 0 means that K t is degenerate. This only happens at t = 0, t = 1 and t = ∞, this is why we get a quadratic instead of the expected cubic. Furthermore, γ > 0, since if t 1 < t < t 2 , then A(t) > 0, B(t) > 0 and D(t) < 0. This inequality can also be derived by calculating the explicit formula for γ .
We now consider three cases. 
The inequalities γ > 0 and η < 0 imply that lim 
